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Abstract 

In this paper we introduce (weakly) root graded Banach-Lie alge- 
bras and corresponding Lie groups as natural generalizations of group like 
GL„(A) for a Banach algebra A or groups like C(X,K) of continuous 
maps of a compact space X into a complex semisimple Lie group K. We 
study holomorphic induction from holomorphic Banach representations of 
so-called parabolic subgroups P to representations of G on holomorphic 
sections of homogeneous vector bundles over G/P. One of our main results 
is an algebraic characterization of the space of sections which is used to 
show that this space actually carries a natural Banach structure, a result 
generalizing the finite dimensionality of spaces of sections of holomorphic 
bundles over compact complex manifolds. We also give a geometric real- 
ization of any irreducible holomorphic representation of a (weakly) root 
graded Banach-Lie group G and show that all holomorphic functions on 
the spaces G/P are constant. 
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Introduction 

Let 0a be the finite-dimensional semisimple complex Lie algebra with root sys- 
tem A and fix a Cartan subalgebra t) of qa- A complex Banach-Lie algebra g 
is said to be weakly A-graded if it contains jja and decomposes as a direct sum 
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of simultaneous ad f)-eigenspaces. It is called root graded if, in addition, A = 7Z 
and g is topologically generated by the root spaces Q a . 

The systematic study of root graded Lie algebras (with irreducible A) was 
initiated by Berman and Moody in BM92 , where they studied Lie algebras 
graded by root systems of the types A, D and E. Corresponding results for 
non-simply laced root systems have been obtained by Benkart and Zelmanov in 
|BZ96j . The classification of root graded Lie algebras in the algebraic context 
was completed by Allison, Benkart and Gao in [ABGOO . The main point of the 
classification is to associate to a A-graded Lie algebra q a coordinate algebra A of 
a certain type depending on A, and then to show that, up to central extensions, 
q is determined by its coordinate algebra. For type Ax , the coordinate algebras 
turn out to be unital Jordan algebras, for A 2 unital alternative algebras, and 
for A n , n > 2, they are unital associative algebras. For types D and E they 
are commutative, so that q is a central extension of A(E>0a- Apart from simple 
complex Lie algebras, the most well-known class of root graded Lie algebras are 
affine Kac-Moody algebras ([Ka90, Ch. 6]). For the case 1Z = BC'r and A of 
type B, C or D, we refer to the memoir ABG02 . The classification scheme 
for root graded Lie algebras has been extended to the topological context of 
locally convex Lie algebras in |Ne03j to cover many classes arising mathematical 
physics, operator theory and geometry. 

This paper is the first in a series dedicated to various aspects of holomorphic 
representations of weakly root graded Banach-Lie groups G, i.e., groups whose 
Lie algebra q is weakly root graded. Since there is a natural notion of parabolic 
subgroups P of a root graded Lie group G, and the corresponding homogeneous 
spaces G/P carry complex manifold structures, it is a natural problem to under- 
stand the representations of G in spaces of holomorphic sections of homogeneous 
holomorphic vector bundles E p = G x p E over G/P, defined by a holomorphic 
representation p: P — > GL(E), where E is a Banach space and p is a morphism 
of Banach-Lie groups. 

The classical context for these problems is the Borel-Weil Theorem, where 
G is a complex reductive Lie group and G/P is a generalized flag manifold, 
hence in particular compact. In this case the space of holomorphic sections is 
always finite dimensional if E is so. The Borel-Weil Theorem identifies those 
holomorphic characters p: P — > C x = GL(C) for which this space is non-zero, 
and the natural G representation on this space, which is irreducible. 

One of the main results of this paper is that for each holomorphic Banach 
representation (p, E) of a parabolic subgroup P, the space of holomorphic sec- 
tions of Ep, which we identify with the space 

O p (G,E) = {fe 0(G,E): (V 5 e G)(Vp £ P) f(gp) = pfr)" 1 /^} 

carries a natural Banach space structure for which the representation of G, de- 
fined by (n(g)f)(x) = f{g~ l x) defines a morphism n: G — > GL(O p (G,E)) of 
Banach-Lie groups (Theorem 13 . 7[) . Here the remarkable point is that on the 
much larger space 0(G,E) of all E- valued holomorphic functions, there is no 
natural locally convex structure for which the G-action is continuous, resp., holo- 
morphic. A natural topology on this space is the compact open topology, i.e., the 
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topology of uniform convergence on compact subsets of G. With respect to this 
topology, 0(G,E) is a complete locally convex space f |Ne01l Thm. III. 11(c)]), 
but for infinite dimensional groups the action of G is not continuous. However, 
the finite dimensional complex subgroup Ga corresponding to the subalgebra 
0A of acts holomorphically on this space. An instructive example illustrat- 
ing the problem is the action of a Banach space X, considered as an abelian 
Banach-Lie group, on the space A of affine holomorphic functions X — > C by 
n(x)(f)(y) — f(y — x). This action is continuous with respect to the compact 
open topology if and only if the evaluation map X x X' — » C, (x, f) \— > f(x) is 
continuous, but this is equivalent to X being finite dimensional because other- 
wise the bipolars of compact subsets of X are never O-neighborhoods (cf. |KM97[ 
p. 2], |Mue06[ 2.2.10-13]). Our strategy to find a better topology on the space 
O p (G,E) is to realize it, basically by Taylor expansion in 1, as a set of lin- 
ear maps a: U(g) — > E on the enveloping algebra U(g) of the Lie algebra g 
of G. These linear maps are always continuous in the sense that all n-linear 
maps a n : g n — > E, (x\, . . . , x n ) i— ► a{x\ ■ ■ ■ x n ) are continuous, and the space 
Hom(U (g) , E) c of all continuous linear maps carries a natural Frechet space 
structure with respect to which the natural g action is a continuous bilinear 
map (Section [5]). The key observation is that in the coinduced representation 
Homp(J7(g), E) c corresponding to the p-module E, the space of gA-finite vec- 
tors decomposes into finitely many f)-weight spaces. Based on this observation, 
we proceed to show that it is closed in the aforementioned Frechet space and 
that it even is a Banach space. This provides the infinitesimal picture. The 
bridge to the G-action on O p {G 1 E) is developed in Section [3] It is based on 
an application of the general Peter- Weyl Theorem to the action of a compact 
real form of the semisimple complex Lie group Ga on the locally convex spaces 
O p (G,E), endowed with the compact open topology. If G is 1-connected and 
P is connected, we show that the map 

$: O p (G,E)^Rom p (U(g),E) c , $(/)(£>) := (D r f)(l), 

where D r is the right invariant differential operator on G associated to D E 
U(g), defines a bijection onto the Banach subspace of jjA-finite elements in the 
Frechet space Hom p (t/(g), E) c (Theorem I3.7p . This result has some immediate 
consequences that are derived in Section[3] One is that all holomorphic functions 
onG/P are constant, although this manifold is far from being compact. Another 
one is that O p (G,E) is finite dimensional if G and E are. The proof is rather 
elementary and does not rely on any deep theory of elliptic operators or sheaves. 

In connected complex reductive Lie groups, the parabolic subgroups are al- 
ways connected. This is no longer the case for root graded Lie groups, so that 
one has to understand the influence of the passage from a holomorphic repre- 
sentation p: P — > GL{E) to the restriction p := p\p to its identity component. 
Clearly, O p (P,E) C O po (P,E), but it is also natural to start with a represen- 
tation po of Pq and ask for extensions to P for which O p (G, P) is non-zero. In 
Theorem 14.61 we give a complete answer to this question in the most important 
case, where po is irreducible with Endp (E) = CI. We show that if all repre- 
sentations p. po, defined by (p.po)(x) := po(p~ 1 xp) are equivalent to po (which 
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is necessary for the existence of some extension p) and O po (G, E) is non-zero, 
then there exists a unique extension p to P with O p (P,E) = O P0 (G,P), and 
for all other extensions 7 of po, the space 7 (G, P) vanishes. We find this quite 
surprising. It reduces all questions on the representations O p (G,E) to the case 
where P is connected and G is simply connected, and then $ maps it isomor- 
phically to Hom p (J7(g), £)[ ba] . In Section 1 we show that for each connected 
parabolic subgroup P, each irreducible holomorphic representation of G can 
be realized in some space O p {G,E) for an irreducible holomorphic representa- 
tion (p, E) of P. The difficult question that remains open at this point is a 
characterization of those irreducible holomorphic representations (p, E) of P for 
which O p (G, E) is non-zero, which implies the existence of a corresponding irre- 
ducible holomorphic G-representation sitting as a minimal non-zero submodule 
mO„(G,E). 

In an appendix we develop a quite general variant of Frobenius Reciprocity 
for representations of G on locally convex spaces for which all orbit maps are 
holomorphic. This applies in particular to the representation on 0(G,E), en- 
dowed with the topology of pointwise convergence. 

We plan to continue this project in subsequent papers which address the 
special cases where G is finite dimensional but not necessarily semisimple, such 
as GL n (A) for a finite dimensional algebra A, and where dimE = 1 and G = 
GL n (A) for a Banach algebra A, resp., g = A ig) 0a for a commutative Banach 
algebra A. The main result is a characterization of those homogeneous line 
bundles which admit global holomorphic sections. It turns out that these are 
generated by pullbacks of positive line bundles over compact flag manifolds G/P 
with respect to natural mappings induced by characters of the algebra A. 

Several results presented in the present paper grew out of predecessors from 
Ch. Miiller's thesis |Mue06| which deals only with the scalar case E = C. 

1 Root graded Banach— Lie groups 

In this section we introduce weakly root graded Lie algebras and their parabolic 
subalgebras. We also discuss parabolic subgroups of corresponding Banach-Lie 
groups and how they can be used to obtain triple coordinates of large open 
identity neighborhoods. 

Root graded Lie algebras and parabolic subalgebras 

Definition 1.1 Let A be a finite reduced root system and qa be the corre- 
sponding finite dimensional complex semisimple Lie algebra. A complex Banach- 
Lie algebra g is said to be weakly A-graded if the following conditions are satis- 
fied: 

(Rl) 0a is a Lie subalgebra of g. 

(R2) For some (and hence for each) Cartan subalgebra t) of 0a, decomposes 
as a finite direct sum of hj-eigenspaces q — g © Q e7?.0 Q > wnere 8a = 
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{x eg: (Wi € f)) [h,x] = a(h)x}. 



The subalgebra 0a of is called a grading subalgebra. We say that is 
(weakly) root graded if is (weakly) A-graded for some A. If, in addition, 
7Z = A and X^qgaIBc" 0- q ] ^ s dense in O , then is said to be A-graded. 

For a £ A, the unique element a £ [0a, a, 0A,-a], satisfying a(a) — 2 is 
called the coroot corresponding to a. From the representation theory of sl 2 (C), 
it follows that lZ(a) C 1 for each coroot, and it is well known that f) = span A. 

Examples 1.2 (a) Let A be a reduced finite root system and 0a be the corre- 
sponding semisimple complex Lie algebra. If A is a commutative unital Banach 
algebra, then := A © 0a is a A-graded Banach-Lie algebra with respect to 
the bracket 

[a ® x, a ® x] := ad eg) [x, x']. 

The embedding a c — *■ is given by x <— > 1 Cg) £■ 

(b) If ^4 is a unital Banach algebra, then the (n x n)-matrix algebra M„ (^4) = 
A<S) M„(C) also is a Banach algebra. We write 0[„(^4) for this algebra, endowed 
with the commutator bracket. Then gl n (A) is a weakly ^n-i-graded Lie algebra 
with grading subalgebra 0a = 1 (8>s[ n (C). 

(c) Let = 0i© 0o ©0-i be a 3-graded Banach-Lie algebra for which there 
exist elements e £ 0i and / £ 0_i such that h :— [e, /] satisfies 

0±i = {x e g: [h,x] = ±2x}. 

Then is weakly ^-graded with grading subalgebra 0a = span{e, /, h} (cf. 

If, more generally, = Y^j=- n 0i ^ s + l)-g ra( ied and there exist e £ 02 
and / £ 0_2 such that h := [e, /] satisfies 

g 3 ■ = {x £ g: [h,x] = jx}, 

then is weakly A\ -graded. 

(d) Assume that is weakly A-graded, and that V is a 0-module which 
decomposes into a direct sum of finitely many weight spaces under t). Then the 
trivial abelian extension V x g of by V defined as 

[(vi,xi), {V2,X 2 )] := {xi.v 2 + x 2 .vi, [xi,x 2 ]), Vi,v 2 £ V,xi,x 2 £ 

is also weakly A-graded. 

Remark 1.3 (Central extensions) (a) If is (weakly) A-graded, then its center 
3(0) is contained in 0o and intersects 0a trivially, so that the Banach-Lie algebra 
0/3(0) = ad0 is also (weakly) A-graded. 

(b) If q : g — > is a central extension of the weakly A-graded Banach-Lie 
algebra with kernel 3, then the adjoint action of on itself lifts to a natural 
action on for which q is equivariant. Since the central extension ^^(oa) 
of 0a splits, we may consider 0a, and therefore also (), as a subalgebra of 0. 
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Then the subspaces <? _1 (g Q ), a £ TZ, are f)-invariant and contain 3 C g . If 
x £ f) satisfies a(x) = 1, then (adx — l)(<7 _1 (g Q )) C kcrg = 3 implies that 
adx(adx — 1) vanishes on 3 (fl a )i hence that ada; is diagonalizable on this 
space with eigenvalues and 1. Clearly 3 C keradx and [x, q~ 1 (Q a )] maps 
surjectively onto g Q , which leads to the direct decomposition 

Since f) is abelian, [x, q~ 1 {Q a )] is fj-invariant, and we derive that 

3a = {y £ ?: (V/i G f)) [/i, y] = a(h)y} = [x, g -1 ^)]. 

This proves that adfj is diagonalizable on the subspace 3 + X^aercfla — 
If we assume, in addition, that g := g _1 (go) is centralized by t) (which is 
automatic if g is generated by the subspaces g Q ), then g is also weakly A-graded. 

For more details on other classes of examples and a discussion of topological 
issues related to root graded Lie algebras, we refer to [Ne03] . 

Definition 1.4 A subset E C TZ is called a parabolic systems if there exists an 
clement x £ t) with 

T, = {a £ 1Z: a{x) > 0}. (1) 
For a parabolic system S, we put 

S+:=S\-S, S°:=Sn-S and S"=7e\S. 

For each parabolic system E, p s := g + X^qgs 0" 1S a su balgebra of g, called 
the corresponding parabolic subalgebra. 

A parabolic system E is called a positive system if E° = 0. Since TZ is real- 
valued on f)R := span R A, the set of all elements y £ 1)r with TZ(y) C R x is 
dense, and choosing y sufficiently close to the element x from above, it follows 
that each parabolic system E contains a positive systems 1Z + . 

Remark 1.5 Since TZ is finite, there exists for each parabolic system E an 
element x% £ () with J^ + (x^) > 1 and E~(xs) < — 1. 

Root graded Lie groups and parabolic subgroups 

Definition 1.6 A Banach-Lie group G is said to be (weakly) root graded if its 
Lie algebra L(G) is (weakly) root graded. 

Remark 1.7 (a) Not every Banach-Lie algebra g is integrable in the sense that 
there exists a Banach-Lie group G with Lie algebra g. Since g = C 1 (S 1 ,s[2(C)) 
is Ai-graded with grading algebra 512(C), and this property is inherited by the 
central extension defined by the st2(C)-invariant cocycle 

w&»7) = I"" tr(ti(tW(t))dt 
Jo 
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(cf. Remark [1. 3 p , the discussion in [EK64J implies the existence of non-integrable 
root graded Banach-Lie algebras. 

(b) If A is a commutative unital Banach algebra, then any inclusion gA C 
fll n (C) yields an inclusion g A ® M„(C) = M n (A) of Banach-Lie algebras, 
which implies the existence of a Lie group G with Lie algebra g ( |Ms62j . |Ne06[ 
Thm. IV.4.9]). 

(c) For similar reasons, for each Banach-Lie algebra g, the quotient g/j(g) 
is integrable because it embeds continuously into the integrable Lie algebra 
der(g) = L(Aut(g)) ( [EK64] . [Ne06] 1. 

In the following, G is a weakly A-graded Banach-Lie group. If p is a 
parabolic subalgebra, we write S for the corresponding parabolic system with 
P = flo + Sqgs 0a- Then we have a semidirect decomposition 

p = u xi I, where I = g + g Q and u = ^ g a . 

a£S° q£E+ 

That [ is a subalgebra and u is an ideal in p follows easily from the relations 

(E + |E + )nKCS+ and (S° + £+) n K C £+, (2) 

which are obvious consequence of |T]). The subalgebra u is closed and nilpotent. 
In fact, if is chosen as in Remark 11.51 and N > maxE + (xs), then AT- fold 
brackets in u vanish. Likewise 

Q6-S+ 

is a nilpotent closed subalgebra. As a Banach space, g has the direct sum 
decompositions 

g = n©(©u = nep. (3) 

Remark 1.8 Note that the subalgebra [ is weakly root graded with respect to 
the root system A° := S° n A and the grading subalgebra 

3a° '•= t)A° + ^ 0A,a, where t)A := span{d: a € A }. 

qGA° 

The intersection pA := p n gA is a parabolic subalgebra of gA satisfying 

Pa = ua x [ A for [A:=lngA and ua :=uHgA. 
We also put riA := gAHn and obtain the direct sum decomposition gA = riA©pA- 
If g is a Lie algebra and £Cga subspace, we write 
n B (E) :={x£g: \x,E] C E} 
for the normalizer of E in g. 
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Lemma 1.9 For any parabolic subalgebra p = u x [, we have 



n B (p) = P 



and n B (l) = I. 



Proof. (cf. [M ue06[ Lemma 1.2.11]) Since p and [ are Fi-invariant, their nor- 
malizers contains f), and hence are adapted to the root decomposition. 

Let a G 1Z \ T, and ^ y a G Q . From y a G [[), y a ] it follows that y a does 
not normalize p, which leads to n g (p) = p. We likewise derive that tl g (t) = t. ■ 

Remark 1.10 In the case when 1Z = A we can also derive the equality n B (u) = 
p from the representation theory of 512(C). This does however not hold in 
general. Consider for example the semidirect product s[ 2 (C) k C 2 given by the 
standard representation of shiC). Here 1Z = {±a, ±2a}, and for the parabolic 
system S = {a, 2a} we have u = Q a ©02a- However n B (u) = Q- a © f) ©0a ©02« 
since [Q_ a ,Q a ] = 0. 

In the preceding lemma, we have seen that the closed Lie subalgebra p of 
is self- normalizing. From Lemmas IV. 11/12 in |Ne04j we thus obtain that 



Definition 1.11 In the following we call any open subgroup P of Na(p) a 
(standard) parabolic subgroup of G. Then Pq = (expp) is a connected Lie 
subgroup of G, and since n is a closed complement of p, we see that P is a 
split Lie subgroup (cf. Ne04, Def. IV. 6]). Therefore the quotient space G/P 
carries a natural complex manifold structure for which the quotient map q: G — > 
G/P,g 1 — * gP is a submersion with holomorphic local cross section. 

Proposition 1.12 For any parabolic subgroup P of G, we put 

C/:=exp G u, 7V:=exp G n and L := P n N G (t) n N G (n). 

Then the following assertions hold: 

(a) U is a Lie subgroup with Lie algebra u whose exponential function is a 

diffeomorphism. 

(b) N is a Lie subgroup with Lie algebra n whose exponential function is a 

diffeomorphism. 

(c) L is a Lie subgroup with Lie algebra I which acts holomorphically by conju- 

gation on N and U . 

(d) The multiplication map U M L — > P,(u,l) 1— > ul is biholomorphic onto an 

open subgroup of P. 



N G (P) :={.9eG: Ad( 3 )p = p} 



is a Lie subgroup of G whose Lie algebra is 



n fl (p) =P- 
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(e) The multiplication map N x L x U — > G is biholomorphic onto an open 
subset of G. 

Proof. (a) Let * denote the Baker-Campbell-Hausdorff multiplication on 
the nilpotent Lie algebra u, turning it into a simply connected complex Banach- 
Lie group (u, *). Then the exponential function 

exp : u — > G, x t— > exp G x 

is the unique morphism of Banach-Lie groups (u, *) — ► G integrating the inclu- 
sion map u — > q. This implies that U = exp G (u) is a subgroup of G. 

To see that it is a Lie subgroup, we recall that P is a Lie subgroup of G 
(Definition II. lip . This implies that 

tfi:={peP: (Ad(p)-l)(t»)C tt } 

also is a Lie subgroup of P and hence of G (use Lemma IV. 11 in [Ne04] and 
generalize Lemma IV. 12 slightly). Clearly, 

L(U 1 ) = {xep: [x,p] Cu}Du, 

but, conversely, [x, f)] C u implies i £ u, so that L(t/i) = u. We conclude that 
Z7 is the identity component of the Lie subgroup U±, hence a Lie subgroup. 

Finally, we show that exp^ is a diffeomorphism. Since U is connected and 
nilpotent, it suffices to show that exp^ is injective. So let x G u with exp G x = 1. 
Then 1 = Ad(exp G x) = e adx , and since adx is nilpotent, we get ad x = 0. Since 
the root decomposition yields 3(0) C g Q , we see that x = 0. 

(b) follows from (a), applied to the parabolic subalgebra defined by — E. 

(c) That L is a Lie subgroup follows from |Ne04[ Lemmas IV. 11/12]. In view 
of Lemma ITUI its Lie algebra is p n n B ([) (~l n fl (n) = [. 

Since L normalizes u and n, its acts by the adjoint action on these Lie 
algebras, and (a) and (b) imply that this corresponds to a holomorphic action 
by conjugation on the groups U and N. 

(d) Since L acts holomorphically by conjugation on U, the semidirect product 
U x L is a complex Banach-Lie group. As p — u x [ is a semidirect sum, the 
canonical homomorphism U * L — *■ P, (it, I) 1— > is a morphism of Banach-Lie 
groups which is a local diffeomorphism. Therefore f/L is an open subgroup of 
P and the multiplication map U x L — > J7L is a covering. It remains to see that 
this map is injective, i.e., that U C] L = {1}. 

Let x G u. If exp G x £ L, then the unipotent operator e ada: normalizes 1, and 
this implies that adx = log(e ada: ) also preserves [. Hence x G tt g (t) = I leads to 
jc = 0. 

(e) The direct product Lie group N x (U x L) acts smoothly on G by 

(n, (u,l)).g := ngl^u' 1 , 

so that (e) means that the orbit map of 1 is a diffeomorphism onto an open sub- 
set. That the differential in 1 is a linear isomorphism follows from equation ([3]), 
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so that the orbit map is a local diffcomorphism by the Inverse Function Theo- 
rem, hence a covering map whose range is an open subset of G. It remains to 
verify that the orbit map is injective, i.e., P D N = {1}. This can be seen as in 
(d): If the ad-nilpotent element x £ n satisfies e adx p = p, then x 6 n fl (p) = p 
yields x = 0, and this prove that N n P — {1}. ■ 

2 Coinduced Banach representations 

In this section we discuss coinduced representation of Banach-Lie algebras. Af- 
ter introducing a suitable notion of continuity for linear maps a: U(g) — » E 
on the enveloping algebra U(g) of a Banach-Lie algebra g with values in a Ba- 
nach space E, we show that the space Hom(J7(g), E) c of all these maps carries 
a natural Frechet space structure for which the left and right action of g are 
continuous. If p C g is a complemented closed subalgebra, this leads for each 
continuous representation p: p — > gl(E) to a Frechet structure on the corre- 
sponding coinduced representation Hom p (t7(g),_E) c . Specializing all that to a 
parabolic subalgebra p of a weakly root graded Lie algebra g, our main result is 
that, provided E decomposes into finitely many f)-weight spaces, the subspace 
Hom p (t/(g), E)\? A ^ of ^A-finite elements is closed and a Banach space (Theo- 
rem [230]). As we shall see in the next section, this implies that on the group 
level, holomorphic induction from Banach representations of P yields Banach 
representations of G. 

Coinduced Frechet representations 

Definition 2.1 Let V and W be Banach spaces. For an n-linear map m: V n — > 
W, we define 

||m|| := sup{||m(«i, . . .,v n )\\ : «i, ...,«„ 6 V, ||wj|| < 1} £ [0, oo]. 

Then m is continuous if and only if ||m|| < oo, and we have 

\\m(v 1 ,...,v n )\\ < ||m|||[wi||---||u„||, v, e V. 

We thus obtain on the space Mult"(V, W) of continuous W- valued n-linear maps 
on V n the structure of a Banach space. 

Definition 2.2 Let g be a Banach-Lie algebra and £ be a Banach space. We 
call a linear map (3: U{g) — > E continuous if for each n G No, the n-linear map 

/3 n : g n -> E, (xi, . . . ,x„) ^ ^(xi • • -x„) 

is continuous. We write Hom(L/(g), i?) c for the set of all continuous linear maps 
and define a family of seminorms 

p n : Hom({/( fl ),£) c ^R, /3^||/3„||. 
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Lemma 2.3 With respect to the sequence (p„) n6 N °f seminorms, the space 
Hom(J7(g), E) c is a Frechet space for which all evaluation maps 

ev D : Hom(t/( fl ), E) c - E, (3 » (3(D) 

are continuous. Moreover, the left representation of U(g) on this space defined 
by 

gxRom(U(g),E) c ^Rom(U(g),E) c , (x, (3) ~ -f3 o A x , X x (D)=xD, 
and the right representation 

gxUom(U(g),E) c ^Uom(U(g),E) c , (x, (3) » [3 o p x , p x (D) = Dx, 
are continuous bilinear maps. 

Proof. Since the canonical map Hom([/(g), E) c — > IlneNo M u lt"(s, E) is in- 
jective, the sequence of seminorms (p n ) n eN defines on Hom([/(g), E) c a metriz- 
able locally convex topology. It also follows immediately from the definitions, 
that all evaluation maps evp are continuous because we may write D as a finite 
sum D = Do + . . . + Dk, where Dj is a j-fold product x\ ■ ■ -Xj of elements 
Xi e g. 

To verify that Hom(£/(g), E) c is complete, i.e., a Frechet space, let (P^) n eN 
be a Cauchy sequence in Hom([/(g), E) c . Then, for each k £ No, the sequence 
(/3j"') n£ N define a Cauchy sequence in the Banach space Mult fe (g, E), which 
converges to some limit (3k- We also note that for each D G U(g), the sequence 
(D)) ne jq in E is Cauchy, hence convergent. If we write (3: U(g) — > E 
for the pointwise limit, we thus obtain a linear map whose corresponding k- 
lincar maps g fe — > E coincide with the continuous maps (3k- This implies 
that (3 G Hom(£7(g), E) c and that (3^ — > /? holds in the metric topology on 
Rom(U{g),E) c . 

Next we observe that for (3 G Hom([/(g), £7) c and i£gwe have 

Pn{(3° \ x ) < \\x\\ -p n +i{(3) and p n ((3 o p x ) < \\x\\ ■ p n+1 ((3). (4) 

This proves that the corresponding bilinear maps 

g x Hom(*7(g), E) c -» Mult n (g, £), (x, (3) ^ {(3 o \ x ) n , {(3 o /9x )„, 

are continuous. Since the topology on Hom(£7(jj), £% is obtained by the em- 
bedding into the product of the spaces Mult"(g, E), the assertion follows. ■ 

Next we assume that p and n are closed subalgebras of g with g = n © p 
(topological direct sum) and that (pe,E) is a continuous representation of p on 
the Banach space E. 

Definition 2.4 For a continuous morphism pe'- p — > gl(E) of Banach-Lie al- 
gebras, we consider the subspace 

Hom p (£/(g), E) c := {/? G Hom([/(g), £) c : (Vz £ p) /3 o p x = -p B (a:) o /?}. 
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From Lemma 12.31 we immediately derive that this is a closed subspace of the 
Frechet space Hom(f7(f(), E) c , hence also a Frechet space, and that the left 
action of g on this space is continuous. It is called the coinduced representation 
defined by (pE,E). 

Since the multiplication map U(ti) ® U(p) — > U(q) is a linear isomorphism 
by the Poincare-Birkhoff-Witt Theorem, the restriction map 

R: Rom p (U(Q),E) c = Rom(U(n),E) c 

is injective. We even have more: 

Lemma 2.5 R is a topological isomorphism of Frechet spaces. 

Proof. Clearly, R is injective, and the PBW Theorem implies that it is 
bijective on the algebraic level. Each a G Hom([/(n), E) extends by 

a(D ■ xi ■ ■ -x n ) ~ {-l) n PE{x n ) ■ • • pE{xi)a(D), xi Ep,D e U(n), 

to a unique linear map a G Hom p ([/(g), E). It remains to show that the asso- 
ciated n-linear maps a n are continuous if all maps a n are continuous. 
To this end, we show that there exist constants Cj >n , j < n, such that 

Pn(a) < ^2 Cj.nPjia). (5) 

j<n 

To verify these estimates, let C s > be such that 

HM]|| <Cj||a;|| • \\y\\ for i,i/eg, 

and assume w.l.o.g. that 

\\x + y\\ =max([[a;||, \\y\\) for xGp,yGn. 

We now prove ([5]) by induction on n. For n = 0, we only deal with the constant 
term, so that po(a) = Po(a). Next we assume that n > and let Zj = Xi + y.i G g, 
.t s ; G p, G n, i = 1, . . . , n with ||z,|| < 1. Then 

a(zi ■ ■ ■ Zn) = a(zi ■ ■ ■ z n -i ■ (x n + y n )) 

= -pE{x n )oi{zi ■ ■ ■ z n -i) ~ a([y n , zi ■ ■ ■ z n -i}) + a(y n ■ z\ ■ ■ ■ z n -\) 

= -pE{x n )oi{zi ■ ■ ■ z n -x) - a([y n ,zi ■ ■ ■ z n -i}) + (ao A yn )~(zi • ■■z n -\)- 

For the last term we obtain with the induction hypothesis and (f5|) the estimate 

\\i a ° \ n )\ z i ■ ■ ■ z n-l)\\ <? n -i((aoAjJ") < ^2 c i,n-iPj+\{ot)- 

j<n-l 

For the other two terms, we have 

\\pE{Xn)a{Zf-Z n -\)\\ < Pn-l(pE{x n ) °Q.) < \\p E \\Pn-l(u) 

< Hps II c i,n-iPj{ot) 

j<n~l 
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and [y n , Zy- z n - X ] = Y?i=i z i ' ' ' z i-i[Vn, Zi]zi+i • ■ ■ leads to 

||S([2/ n ,^i 1])|| < (n - l)C B p n _i(a) < (n-l)C g C^.iP^a). 

j<n-l 

This completes the inductive proof of (JSJ). ■ 

Remark 2.6 Let k G No and consider in Hom(C/(n), E) c the subspace 

Hom(U(n), E)\ := {a e Hom(£/(n), E) c : (Vn > k) a n = 0}. 

This is a closed subspace of the Frechet space Hom([/(n), E) c , and since all but 
finitely many of the seminorms p n vanish on this space, it actually is a Banach 
space. 

Applications to weakly root graded Lie algebras 

In this subsection we return to the setting where p is a parabolic subalgebra of 
the weakly root graded complex Banach-Lie algebra g. 

Lemma 2.7 For a Q-module V with an t)-weight decomposition, the following 
are equivalent: 

(a) The set of t)-weights ofV is finite. 

(b) V is a locally finite Q^-module with finitely many isotypic components. 

Then V is a semisimple Q/^-module, hence in particular a direct sum of simple 
ones. 

Proof. (a) implies that the gA-module V is integrable in the sense that 
each root vector x a £ 0a, a acts as a nilpotent operator on V. Hence |Ne03| 
Thm. A. 1(1), Prop. A. 2] imply that V is a locally finite (and therefore semisim- 
ple) 0A-nrodule with finitely many isotypic components. That (b) implies (a) is 
trivial. ■ 

Lemma 2.8 Let { C q be a subalgebra for which q is a locally finite t-module. 
Then for any representation (jr,V) of Q, the subspace 

yW :={ v eV: dim (U(t)v) < oo} 

oft-finite vectors is a g-submodule. 

Proof. Since g is locally t-finite, the tensor algebra over g, and hence U(g), 
is a locally J-finite g-module. This property carries over to the tensor product 
U(g) ® Vl*l, and hence to its image under the ?-equivariant evaluation map 
U(g) 2) _» V. We conclude that U(g)V^ C V™. ■ 
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Definition 2.9 We define the Weyl group W := W(g A ,f)) Q GL(f)*) as the 
subgroup generated by the reflections r a (j3) := (3 — /3(a) a. 

Theorem 2.10 (Finiteness Theorem) Let p C g be a parabolic subalgebra and 
(p, E) be a p-module decomposing into a finite sum of \)-weight spaces and 
V := Homp(Z7(fj), E)^ be the I)- finite part of the corresponding coinduced rep- 
resentation. Then the following assertions hold: 

(a) V is a direct sum of \)-weight spaces and the set V(V, [)) of ^-weights in V 

is contained in V(E, fj) — span No £~ . 

(b) The QA-finite subspace V^ BA ' is a g-module decomposing into finitely many 

\)-weight spaces. 

(c) V is a locally finite module of riA x Ca ■ 

(d) There exists a k G N with V [b&] = {v e V : u k A .v = {0}}. 

(e) There exists a k G N with V [ba] C {v e V : n k .v = {0}}. 

Proof. (a) First we recall that the multiplication map U(n) <g) U(p) — > f/(fl) 
is a linear isomorphism (Poincare-Birkhoff-Witt), so that we obtain a linear iso- 
morphism Honip (U(q), E) = Hom({/(n), E), of rj-modules. If E = (§) aeV ( E ^ 
is the finite weight space decomposition of E, we accordingly obtain a product 
decomposition of fj-modules 

Rom(U{n),E)= JJ Hom([/(n), £J a ). 

Since n is a finite sum of f)-weight spaces, the enveloping algebra U(n) is an 
(infinite) direct sum of ()-weight spaces U(n)p, which leads to a product decom- 
position of f)-modules 

Hom((7(n), E a ) £* [] Hom(C/(n)^, E a ), 


and Hom(J7(n)^, S Q ) C V a ^p. Therefore the set V(V,f3) of fj-weights on V is 
given by 

7TO)=7>(£,F,)-span No ir, 

and = X) Q Hom(C/(n) ( 3, i? Q ) follows from the fact that an element of 
Hom(f/(n), E a ) is f)-finite if and only if only finitely many components in the 
spaces Hom([/(n) ) 3, E a ) are non-zero. 

(b) Since g is a locally finite module of the subalgebras f) and 0a, Lemma 1^51 
implies that V is a g-submodule of Hom p (J7(g),-E l ) and that V^ B& ^ is a g- 
submodule of V. 

Let 1Z + be a positive system contained in — E (Definition II. 4|) , so that we 
necessarily have £~ C 1Z + . We have seen in (a) that 

V(V, t)) C &) - s P an No E~ C f>) - C, (6) 
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where C :— span R+ TZ + is a polyhedral convex cone containing no non-zero 
linear subspace. 

The local finiteness of the flA-module V^- s ^ implies that the set Vf :— 
V(V^ a& \ h) is invariant under the Weyl group W ( |MP95j ). which leads to 

V(V [sa] ,1)) C D := p| w(conv(V(E,t))) -C). (7) 

The set D is convex and we claim that it is compact. If this is not the case, 
then there exists a non-zero (3 G Ejjj with D + K+/3 C D ( [NeOOl Prop. V.1.6]). 
Pick deD. Then d + R+/3 C w(ccmv{V(E, f))) - C) implies that G -wC for 
each io G W ( [NeOOl Prop. V.1.6]). We thus arrive at W/3 C -C. By definition 
of a positive system, there exists an element x G t) with 7\L + (a;) > 0, and then 
7(2;) > holds for each non-zero element 7 e C, in particular (w(3)(x) < 
for each w G W and for 7 := X^ew w @ we a ^ so obtain 7(0:) < 0. Since 7 is 
W-invariant, it vanishes on all coroots, which leads to the contradiction 7 = 0. 
We conclude that 

P| wC = {0}. (8) 

This proves that D is compact. Now the discreteness of the set 
V(E,fy) + span z 7£ in f) R implies that Vf is finite. As f) is diagonalizable on 
V, (b) follows. 

(c) In view of the PBW Theorem, it suffices to show that V is a locally finite 
module of riA and [a- 

To see that it is locally finite for riA, we pick x G t) with S°(a;) = {0} and 
> 1 (cf- Remark 1 1 .5[) . Then (a) implies that V(V, i)){x) is bounded from 
above. Therefore g a Vp C V a +p and S _ (x) > 1 imply that for each weight /3 of 
V, there exists a fc G N with V/3+ ai +...+a k = {0} for ^ e E". We thus derive 
that V is a locally nilpotent n-module, hence in particular locally finite for the 
finite dimensional Lie algebra riA ■ 

Next we note that on each space Hom([/(n) / 3, E a ), the eigenvalue of x G t) is 
given by a(x) — [3(x) and, for each c G K, the set {/3 G span No E~ : (3(x) = c} is 
finite. Since x commutes with [, the eigenspaces of x in V are [-invariant, and 
the preceding argument shows that they decompose into finitely many f)-weight 
spaces. Therefore Lemma 12.71 implies that each such eigenspace is a locally 
finite [A-module. Here we use Remark 11.81 to see that [ is A°-graded, so that 
Lemma 12.71 applies. 

(d) In view of (c) and U(qa) = U(ua)U(Ia)U(tia), the subspace F [8A 1 of q a - 
finite elements coincides with the subspace V^ UA 1 of UA-finite elements. Further, 
the finiteness of Vf and Y, + (x) < — 1 entail the existence of some k G N with 

v [ba] c{veV: {u A ) k -v = {0}}. 

Conversely, the condition (uA) k -v ~ {0} obviously implies that v is ua -finite 
and hence 0A-finite by (c). We therefore obtain the desired equality (d). 

(e) follows from the finiteness of Vf and ^~(x) > 1. ■ 
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Remark 2.11 Equations ([7]) and {5} have an interesting consequence. If E is 
a trivial p-module, then V(E, f)) = {0} implies that 

V{V {aA \\)) C - p| wC = {0}, 

so that f) acts trivially on flA l. This in turn implies that all root spaces Q a , 
a G A, act trivially on flA J . If jj is root graded, we conclude that the g-module 
yls&] i s trivial, and we find that 

v [ba] = R omp (U(5),E) 3 = E. 

The preceding theorem is of an algebraic nature, but it has some interesting 
consequences for Banach representations. 

Theorem 2.12 (Coinduced Banach representations) Let (pe,E) be a Banach 
representation of p which decomposes into finitely many \)-weight spaces and 
endow V c := Hom p ([/(g), E) c with its natural Frechet structure. Then the sub- 
space Vf :— vJ flA ' of 0a -finite elements in V c is a closed ^-invariant subspace 
which is Banach and the representation of q on this space is continuous. 

Proof. First we apply Theorem 12.101 to the subspace V c of Hom p (U(q),E). 
Since each 0A-finite vector is in particular ()-finite, Vf C Rom p (U(Q), E)^\ so 
that Thcorcm l2.10f d) implies the existence of a k 6 N with 

V f = {veV c : (u k A ).v = {0}}. 

This implies that Vf is a closed subspace of the Frechet space V c . Next we use 
Theorem [2.10( e) to find a k G N with n k .Vf = {0}. Then, for each a G Vf and 
m G N, the relation 

(n fc .a)(n m ) = a(n k+m ) = {0} 

implies that 

V f \ u{n) CHom(P(n),£t 

and since the right hand side is a Banach space (Remark 1 2. 6 1) , Lemma l^TSI implies 
that Vf is a Banach space. The continuity of the g-action on the Banach space 
Vf is inherited from the continuity on the Frechet space V c . ■ 

We now turn to some additional information on the ^-representation on Vf . 

Proposition 2.13 Let (pe,E) be an irreducible Banach representation of p 
which decomposes into finitely many I) -weight spaces and assume that Vf is 
non-zero. Then the following assertions hold: 

(i) u acts trivially on E. 

(ii) Each closed Q-submodule of the Banach space Vf contains the space E = 

Hom p (U(g), E)™ of n-invariants. Ln particular, E generates a unique 
closed minimal submodule which is irreducible. 
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(iii) For each weight a G V(E, ()), we have 

V f a = E a and a(fi) G N for (3 G £~ n A. 

//, m addition, dimE = 1 and A := i/ien i/ie weight space Vf,\ *s owe 
rfzmensiona/. 

(iv) For eac/i p-equivariant continuous map <p: Vf —> E, there exists a unique 

tp G Endp (E) with ip — ip o evi . 

Proof. (i) Since E decomposes into finitely many f)-weight spaces, we have 
u k .E = {0} for some k. In particular, E u is a non-zero closed p-submodule. 
Since E was assumed to be irreducible, it follows that u C kerp^, and hence 
that E is an irreducible [-module. 

(ii) We have already seen in Theorem l2.10f c) that Vf is a nilpotent n-module, 
and this property is inherited by any g-submodule W C Vf. Hence W n ^ {0} 
whenever W ^ {0}. For the n- invariant vectors we observe that 

Rom 9 {U{Q),E) n c = Hom([/(n),F)^ Hom(f7(n)/nJ7(n), E) c = E. 

In this sense we identify E with the [-submodule Hom p (J7(g), E)" of 
Hom p (£/(g),i?) c . As W n is a non-zero closed l-submodule of E, we thus ob- 
tain W" = E and therefore E C.W. 

(iii) Next we pick ij G \) as in Remark 11.51 Then a;s is central in I and 
Pe{xs) is diagonalizable. Since all eigenspaces of this clement arc [-submodulcs, 
the irreducibility of E entails that pe{x<t) — cid^; for some c G C. On the other 
hand, < — 1, and U(n) decomposes into eigenspaces i/(n) M of with 
/it G] — oo, — 1], where ?7(n)o = CI. Therefore 

y/ C0Hom(C/(n) M ,F), 

and the eigenvalue of on Hom(C7 (n)^, -E) is c — /i, which is different from c if 
fj, ^ 0. This proves that 

V/, c (x E ) = {v G Vf : = cv} = E, 

and therefore V/, Q = £" Q for each f)-weight a of 15. 

Let (3 G A n £" and 0A (/3) := 0a,/3 + 0A-/3 + C/3 = sl 2 (C) be the st 2 - 
subalgebra corresponding to /3. Then the preceding argument shows that each 
element of E a generates a hnite dimensional gA(/3)-module for which the (3- 
eigenvalues are contained in a(p) — 2Nq, so that s ^-theory yields a($) G No- 

(iv) Since f) C p, ip annihilates each weight space Vf,p with (3 $ V(E, f)). In 
view of (iii), the fact that Vf is a direct sum of f)-weight spaces implies that 

Vf = E® V f^ 

and by identifying Hom p ([/(0), _E) C with Hom(?7(n), E) c (Lemma 12. 5p . we see 
that ker(evi) coincides with the sum of all f)-weight spaces Vf t p, (3 $ V(E, f)). 
We conclude that tp vanishes on ker(evi), hence induces a unique continuous 
p-equivariant map tp G End p (l?) with tp o evi — ip. ■ 
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3 Holomorphically induced representations 



Let G be a weakly root graded complex Banach-Lie group. Each closed subalge- 
bra of q := L(G) integrates to an integral subgroup (cf. [GN 09 ). In particular, 
we obtain an integral subgroup Ga corresponding to the inclusion a ^ 0- We 
write H for the Cartan subgroup of Ga corresponding to the Cartan subalge- 
bra f) and T C H for its (unique) maximal compact subgroup, a real torus. For 
r := dimT, we have T = T r , H = (C x ) r , and H = Tc is the universal complex- 
ification of T, so that we may identify the group T = Hom(T, T) of continuous 
characters of T with the group H := Homo(H, C x ) of holomorphic characters 
of H. 

Theorem 3.1 (Peter- Weyl) If Tr: K — * GL(T^) is a homomorphism defining a 
continuous linear action of the compact group K on the complete locally convex 
space V , then the following assertions hold: 

(1) The space V^l of K -finite vectors is dense in V. 

(2) For each irreducible representation [x] G K , there is a continuous projection 

P[x] : ^ — * ^[x] on t° the corresponding isotypic subspace. 

(3) If the support supp(7r, V) := {[x] S K : Vj x ] ^ {0}} is finite, then V — 

®[ X ]£K V lx] is a fi nite sum - 

Proof. The first two assertions follows from the Peter-Weyl Theorem ([HoMo98, 
Thm. 3.5.1]). To derive (3), we note that p : — X/[x]£supp(-?r v) P[x] ^ s a continuous 
projection whose range is V^ K \ so that (1) implies that p is surjective. ■ 

Lemma 3.2 For each holomorphic Banach representation (it, V) of the com- 
plex torus H, the set V(V, fy) of \)-weights occurring in V is finite with V — 

Proof. The derived representation L(tt) : f) — > gl(V) is a homomorphism of 
Banach-Lie algebras. For each character x^T f° r which V X (T) is non-zero, we 
therefore have ||L(x)|| < ||L(7r)||, and since the character group T is a discrete 
subgroup of the dual L(T)* = i)^, the set V(V,t)) is finite. The remaining 
assertion follows from Theorem l3.1f 3). ■ 

Definition 3.3 (The derived representation) Let E be a locally convex space 
and V := 0(G, E) denote the space of -E-valued holomorphic functions on G on 
which G acts by 

We endow V with the compact open topology, turning it into a locally convex 
space. Then, for each f € V, the map 

^ '■ G — * V, g i ^ Tt{g)f 
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is holomorphic because the map 

9f-.GxG^E, (g, h) - (n(g)f)(h) = /(.g- 1 ^) 

is holomorphic f |NeOU Prop. 111.13]; [Mue06[ Thm. 2.2.5]). We thus obtain an 
equivariant embedding V c — > 0(G, V), f i— » 7r^ , and from that we derive that 

L(tt)(z)/ = -X r f, 

where X r £ V(G) is the right invariant vector field with X r (l) = x, defines a 
derived representation of g on V. It is called the derived representation L(tt). 

Definition 3.4 Let P = LxUCGbea, parabolic subgroup (cf. Proposi- 
tion ! 1.12]) and (p, W) be a holomorphic representation of the weakly root graded 
Banach-Lie group L on E. We extend this representation in the canonical fash- 
ion to a representation p of P with U C ker p. We obtain a representation on 
the space 

O p (G,E) := {/ e 0(G,E): (V.g G G)(Vp S P) /(flp) = P^tts)} 
by (ttO?)/)^) = /(ff-^). 

Lemma 3.5 Let (p,E) be any holomorphic representation of P. If we endow 
the space O p (G, E) with the compact open topology, then the following assertions 
hold: 

(a) The action of Ga on the complex locally convex space O p {G, E) is holomor- 

phic. 

(b) The space O p (G, E)^ of t) -finite vectors is dense. 

Proof. (a) is a direct consequence of Theorem IB. 2 1 in Appendix B. 

(b) First we use |Ne01[ Thm. 111.11(c)] to see that the locally convex space 
0(G, E) is complete because G is Banach and E is complete. In particular, the 
closed subspace O p (G,E) is complete. 

In view of (a), the complex group Tfc = H acts continuously on the complete 
locally convex space O p (G, E), so that the assertion follows from the Peter- Weyl 
Theorem l3.1l and the fact that T-eigenvectors for a character \ are f)- e ig envec tors 
for L(x) S Ij*. ■ 

Definition 3.6 We assign to each D £ U(g) the right invariant differential 
operator D r on G, such that D i— > D r is an anti-homomorphism of associative 
algebras mapping x £ g to X r , the right invariant vector field with X r (l) = x. 
It acts on 0(G, E) by 

f(exp G (tx)g). 



(Xrf)(g) --=i 
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Since G is connected, each holomorphic function / : G — > E is determined 
by its jet in the identity. We may represent this jet by a linear map 

J:U{q)^E, £>->(£> p /)(1). 

For i£p we then have 

f(Dx) = ((Dx) r f)(l) = (X r (D r f))(l) = TxiDrf^x) 
= -Hp){x){D r f){l) = -L{p){x)f{D), 

showing that we obtain an injection 

<£:O p (G,E)^Hom p (U( B ),E) c , $(/)(£>):= (D r f)(l) (9) 

into the coinduced Lie algebra representation. The continuity of $(/) on U(g) 
follows from the Taylor expansion of the holomorphic function / in 1. The 
g-equi variance of this injection follows from 

*(*/)(£>) = -((D r X r )f)(l) = -{(xD) r f)(l) = -<P(f)(xD) = (*.$(/))(£>). 

We now come to the main result of this section. Under more restrictive 
assumptions on (/?, E), the following theorem will be sharpened in Theorem l4.6l 
below. 

Theorem 3.7 If G is a connected weakly A-graded Lie group, P a parabolic 
subgroup and (p, E) a holomorphic representation of P which is trivial on U , 
then O p (G,E) is a finite direct sum of ^-weight spaces. 

If, in addition, P is connected, then O p {G,E) carries the structure of a 
holomorphic Banach G-module. If, moreover, G is simply connected, 

*: O p (G,E)^Rom p (U( 5 ),E)[^\ *(/)(£) := (A-/)(l) 
is an isomorphism of Q-modules. 

Proof. In view of Lemma 13.21 E decomposes into finitely many fj-weight 
spaces, so that Theorem 12.101 implies that the set V(O p (G,E),t)) of f)-weights 
in the submodule O p (G, E)^- B ^ of gA-hnite elements is finite. Note that, in view 
of Lemma I5~5l and the connectedness of Ga, this space coincides with the space 
of G a -finite elements. 

Applying the Peter- Weyl Theorem to a maximal compact subgroup of Ga 
(Lemma |3.5[) . we see that O p (G, E)^ 3 ^ is dense in O p {G,E) with respect to 
the compact open topology. Then we apply the Peter- Weyl Theorem 13.11 to 
the T-action on O p (G,E) to obtain that each T-, resp., f)-weight of O p (G,E) 
occurs in the dense subspace O p (G, E)^ B& h We conclude that O p (G,E) is a 
finite direct sum of Fj-weight spaces. 

This in turn implies that O p (G, E) is a locally finite gA-module 
(Lemma 12. 7|) and hence that im($) is contained in the locally ()-finite subspace 
V c '■= Hom p ([/(g), E)^ of the coinduced representation Hom p ([/(j3), E) c . Since 
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O p (G, E) is locally finite under qa, the same holds for its image under and 

thus im($) C V f := v} ba] . 

Now we assume that P is connected. We recall from Theorem 12.121 that Vf 
is a Banach g-module. Let qc- G — > G be the universal covering morphism, 
P := (7 c; 1 (P)o be the identity component of the inverse image of P and p := 
P° Qg\p be the representation of P on £ obtained from p. Then the action of g 
on Vf integrates to a unique holomorphic G-representation given by a morphism 
G -> GL(V» of Banach-Lie groups C |Bou89l ^Ch. Ill, §6.1, Thm 1]. Since G 
is connected, the corresponding map $ : Op(G, E) — ► V/ is G-equivariant (cf. 
[GN09J). From Corollary IA.7I in the appendix, we further derive that Vf C 
im($), which proves surjectivity. Since the pullback map 

q* G : O p (G,E)^0 ? (G,E), f -> / o 9G 

is an injection whose range coincides with the set of functions constant on the 
cosets of kerqc, O p (G, E) can be identified with the closed subspace of kerqa- 
fixed points in the Banach G-module Vf, on which the representation of G 
factors through a holomorphic representation of G = G/ kerqc- This completes 
the proof. ■ 



If G is a finite dimensional complex reductive group, then all homogeneous 
spaces G/P are compact, so that it follows immediately from Liouville's The- 
orem that all holomorphic functions thereon are constant. If G is infinite di- 
mensional, then so is G/P. In particular, it is never compact (locally compact 
Banach spaces are finite dimensional). However, it behaves in many respects like 
a compact flag manifold. Combining the preceding theorem with Remark l2.11l 
we shall see below that all holomorphic functions on any G/P are constant. This 
result complements naturally the results of Dineen and Mellon on symmetric 
Banach manifolds of compact type [DM98] . Such manifolds arise naturally from 
Banach-Lie groups graded by the root system A%, and their Jordan theoretic 
proof essentially reduces matters to the case G = GL2(G(X)), where X is a 
compact Hausdorff space. To put the following corollary into proper perspec- 
tive, one should note that it also applies to all finite dimensional root graded 
groups which are not reductive. A typical example is SL„(A) for any finite 
dimensional complex algebra A. For A — C[e], e 2 — 0, we obtain in particular 
the tangent bundle T(Pi(C)) as SL 2 (A)/P where P C SL 2 (A) is the parabolic 
subgroup of upper triangular matrices (cf. (NS09J). 

Corollary 3.8 If G is a connected root graded Banach-Lie group and P C G 
a parabolic subgroup, then all holomorphic functions on G/P are constant. 

Proof. If qc : G — > G is the universal covering map and P := q G 1 {P), then 
P is a parabolic subgroup of G with G/P = G/P. We may therefore assume 
that G is simply connected. If P is not connected, then the canonical map 
q: G/Pq — > G/P is a covering, and since each holomorphic function on G/P 
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pulls back to a holomorphic function on G/Po, we may also assume that P is 
connected. For the trivial representation p: P — > C x = GL(C) we then have 

0{G/P) S O p (G,C) = Hom p (;7(0),C)[ BA ] 

fTheorem. l3.7p . and Remark |2. 1 II implies that this space is one dimensional with 
trivial G-action. Therefore each holomorphic function on G/P is constant. ■ 

Corollary 3.9 If G is finite dimensional connected, and (p, E) is a finite di- 
mensional holomorphic representation of P, then dim O p (G,E) < oo. 

Proof. Since O p (G,E) embeds into Hom p (£/(g), E)^ A \ it suffices to show 
that the latter space is finite dimensional. In the proof of Theorem l2.121 we ob- 
tained the Banach structure on this space by embedding it into 
Hom([/(n), E)* for some fceN. If g, and therefore n, is finite dimensional, then 
Hom(Z7(n), E)^ is finite dimensional for each k E N, and 
Hom p ([/(g), S)c flA ' inherits this property. ■ 

4 Non-connected parabolic subgroups 

In Theorem 13.71 we have seen how to identify the space O p (G,E) with the jja - 
finite submodule of the corresponding coinduced Lie algebra module, provided 
G is 1-connected and P is connected. If G is connected but not simply con- 
nected, then we may always consider the universal covering map qc- G — > G 
and consider the parabolic subgroup P := qQ 1 (P) in G. For p := p o qc\p, the 
pullback map then induces a bijection 

q G :O p (G,E)^O p (G,E), f~foq G . 

In fact, since kerqa is contained in kerp, each / S O p (G,E) is constant on 
the cosets of kergc, hence factors through a function on G, which clearly is 
contained in O p (G,E). 

This argument shows that the assumption of G being simply connected is 
quite harmless. However, the connectedness of P is a more tricky issue, and 
if G is simply connected, then ttq(P) = Wi(G/P) is non-trivial if G/P is not 
simply connected (cf. Remark 14. ip . This happens for many natural examples 
(see Example I4.9[) . 

Therefore it is desirable to understand the passage from a parabolic subgroup 
P to its identity component Pq and, putting po := p\p„, to understand the 
difference between O P0 (G,E) and its subspace O p (G,E). Of particular interest 
is the question whether the non-triviality of O P0 (G,E) implies that O p (G,E) 
is also non-trivial, resp., for which extension p of po, the space O p (G,E) is 
non-trivial. 
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Remark 4.1 Since G is connected, the long exact homotopy sequence of the 
P-principal bundle G — > G/P provides an exact sequence 

7Tl(P) -> 7Tl(G) - 7T!(G/P) -» 7T (P) - 1, 

and if G is 1-connected, this leads to wi(G/P) = ttq(P). 

Remark 4.2 If a holomorphic representation p: Pi — > GL(P) extends to a 
larger subgroup P C Ng{P\) containing Pi, then, for each peP, the represen- 
tation 

(p.p)(a;) := p(p~ 1 xp) 

is equivalent to p. Since the equivalence class of p.p only depends on the coset 
[p] £ P/Pl, we obtain an action of P/P\ on the set of equivalence classes of 
holomorphic representations of P on P. 

Remark 4.3 Let g £ Ng(P) and consider the corresponding right multiplica- 
tion p g : G/P G/P, xP i ► xgP. 

For a holomorphic representation p: P — > GL(P) we define the associated 
holomorphic homogeneous vector bundle 

E p := (G x P)/P := G x p E 

whose elements we write as [g, v]. 

(a) For two holomorphic representations p\,p2- P —> GL(P), any G-equivariant 
bundle isomorphism <p : E P1 — > E P2 covering p g is of the form tp ([y, v] ) = [yg,ip(v)] 
for some i/ 1 € GL(P). Since is well-defined, we have for each p £ P: 

= [yg, P2{g~ 1 pg)ippi(p)~ 1 v], 

which means that 

ipo Pl (p) = p2{g~ 1 pg)otp for peP, (10) 

i.e., that tp intertwines the representations p\ and g.pi- If, conversely, tp satisfies 
this relation, then tp([y,v]) := [yg,ip(v)] is a well-defined G-equivariant bundle 
morphism covering ~p g . 

(b) For g £ Nq(P) and tp £ GL(P) we consider the operator 

M g : 0(G,E) -+0(G,E), M g (f) := tp o / o p g , p g (x) = xg. 
If M g maps O pl (G, P) into P2 (G, P), then 

P2(p)~ 1 ipf(yg) = ipf(ypg) = ipf(ygg~ 1 pg) = ■4>pi(g~ 1 pg)~ 1 f(yg) 

holds for each / £ Pl (G,E), y £ G and p £ P. If this is the case and 
ev i le> P1 (G,B) has dense range in P, then we obtain pz{p) ip = ippi(g pg) ; 
which is equivalent to 

pi(g~ 1 pg) = ^ 1 P2{p)ip for p e P. 

If, conversely, this condition is satisfied, then the preceding calculation shows 
that M 3 maps O pi (G,E) into P2 (G,E). 
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Proposition 4.4 Suppose that evi : O p (G,E) — ► E has dense range and let 
p G Ng(P)- Then the following are equivalent: 

(a) The two representations p and p.p define G-equivalent holomorphic vector 

bundles E p and E p . p . 

(b) The representations p and p.p are equivalent. 

(c) The right multiplication map ~p p : G/P — > G/P,xP <— * xgP lifts to a G- 

equivariant bundle isomorphism M p : E p — > E p . 

(d) There exists an A p G GL(.E) /or which the operator 

M p (f) := A p o f o Pp , Pp (x)=xp, (11) 

preserves O p (G,E). 

Proof. (a) <^=> (b) follows from Remark l4.3f a). applied with g = 1, pi = p 
and 02 = P-P- 

(b) (c) follows from Remark FOT a) , applied to pi = p 2 = p. 

(b) <^==> (d) follows from Remark l4.3f d). ■ 

Corollary 4.5 If \- P — ¥ C x is a holomorphic character, O p (G) ^ {0} and 
g G Ng(P), then the space O p {G) is invariant under p g if and only if g.p = p. 

Theorem 4.6 Assume that G is a connected weakly root graded Banach-Lie 
group, Pq C G is a connected parabolic subgroup, and the holomorphic rep- 
resentation po : Pq —> GL(E) is irreducible with Endp (i?) = CI and that 
O P0 (G,E) y£ {0}. We further assume that P C N G (P a ) = N G (p) is an open 
subgroup satisfying p.p a ~ p for each p G P. Then the following assertions 
hold: 

(a) There exists a unique extension p: P — > GL(E) of po satisfying O pa (G, E) — 

O p {G,E). For all other homomorphic extensions 7: P — > GL(E), the 
space Oj(G,E) is trivial. 

(b) The map O p (G,E) Hom p (tf(fl), £)1 Ba] , $(/)(£>) = (U r /)(1) is a 

linear isomorphism. 

Proof. Case 1: G is simply connected. First we use Lemma T3.2I to see 
that the representation p has only finitely many f)-weights. Since G is simply 
connected, Theorem 13.71 provides a g-equi variant isomorphism 

$: O P0 (G,E)^Rom p (U(g),E){^. 

Therefore Proposition [2H3pi) implies that evi : O p „(G, E) N -> £ is a linear 
isomorphism of the subspace of iV-invariant elements onto E. In particular, 



24 



evi : O P0 (G,E) — > E is surjective. For each <p G EndG(O P0 (G, P)), we now 
derive from Proposition 12. 13f iii) . (iv) that the p)-morphism 

e Vl oip: O P0 (G,E)^E 

annihilates ker(evi) and that there exists a ip — aids 6 End p (P) = CI with 

evi oip = tp o evi = a ■ evi . 

This proves that, for each g g G, we have 

</>(/)(#) = cvi(g" 1 .^(/)) = evx^Cp -1 ./)) = aevi(g -1 ./) = af(g), 

i.e., y>(/) = af. We thus obtain 

End G (0, o (G,P)) =Cid. (12) 

In the following we write c g (x) := gxg^ 1 for conjugation with g. Now let 
p G P, pick A p G GL(P) with p.po = ca p ° Poj and define the operator 

Af p : O po (G, P) -» O po (G, £7), M p / := A p o / o Pp 

(Proposition ^. 4f d)) . Since M p commutes with the G-action by left translations, 
there exists an a p G C with M p = a p l. This means that each / G O P0 (G,E) 
satisfies the equation / o p p — a p A p 1 o /. Therefore p(p) := a~ 1 A p G GL(P) 
satisfies 

/(xp)= (0 (p)- 1 /(a ; ) for all x G G, / G O po (G, P). (13) 

Since evi is surjective, evaluating in x — 1 shows that this relation determines 
p{p) uniquely. In particular, p{p) = po(p) for p e P - We thus obtain a map 
p: P — > GL(P), determined uniquely by (flU)) . For pi,p 2 E P we have for each 
/eO„ (G,P) 

pbiP2) _1 /(a;) = f{xpip 2 ) = p(p 2 y 1 p(pir 1 f(x), 

showing that p is multiplicative, hence a representation of P on P. Clearly, our 
construction implies that C P (G, E) = O P0 (G, E). 

If 7: P — > GL(P) is another extension of po'- Po —> GL(P), then we also 
have po o c p — c 7 ( p ) o p for each p G P, so that the argument in the preceding 
proof implies that 7 = x ■ P for some map x : P — > C x . Since x(P) IS central in 
GL(P), the fact that 7 is a homomorphism implies that \ is a homomorphism, 
and since 7 also extends po, X vanishes on Po. Assume that x(p) 7^ 1 fo r some 
p G P. 

For any / G £> 7 (G,P), we now have / G O po (G,E) = O p {G,E), and there- 
fore 

x(p)p(p)/(i) = 7(p)/(i) - = P(P)/(1)- 

Since x(p) 7^ lj this implies that /(l) = 0, and since 7 (G, P) is G-invariant, 
we obtain / = 0. 
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Case 2: G is connected but not simply connected. Let qa: G — ► G 

be the universal covering, P\ := q G 1 (P ) and P := q G 1 (P). We also put p\ :— 
Po ° Qg\p 1 an( l Po '■— Pl\p - Then we have a linear isomorphism 

q G :O P0 (G,E)^O^(G,E), f ^ f o q G 

because ker q G C i-^ is contained in the kernel of p\ . From the simply connected 
case we derive that Op 1 (G, E) = Op (G, E). 

Since P satisfies p.po ~ po for each p £ P, there exists an extension p: P — > 
GL(£) with 

O^G,E) = 0^{G,E). 

From the uniqueness assertion in Case 1, we derive that p\p — pi, hence that 
ker go C ker p. Therefore p factors through an extension p: P — > GL(i?) with 
p o q G = p, for which 

O p (G,£?) - Op(G,i?) - O P0 (G,E)=q G (O P0 (G,E)) 

is a linear isomorphism. This implies that O p (G,E) — O p „(G,E) because q G is 
injective. For any other extension 7 of po we obtain an extension 7 := 7 qc 
of po to P which differs from p. Therefore q G (0 7 (G,E)) C 0^(G,E) = {0} 
implies that 0~(G,E) vanishes. 

This completes the proof of (a). To verify (b), we collect the information 
obtained so far to obtain isomorphisms 

O p (G,E)~^O p (G,E) = Op (G,E)~^Rom p (U( Q ),E)[^. 

Since o g£, = <£>, this proves (b). ■ 



Corollary 4.7 Assume that G is connected and that the holomorphic character 
Xo- Po — > C x satisfies O X0 (G) ^ {0}. We further assume that P C N G (P ) is 
an open subgroup fixing \o- Then there exists a unique extension x- P —> C x 
°f Po t° a holomorphic character of P such that 

O X0 (G) = O x {G). 

For all other extensions 7 of xo> we have C 7 (G) = {0}. 

Remark 4.8 If G is finite dimensional and complex reductive, i.e., Z(G)o = 
(C x ) r is a complex torus, and E is also finite-dimensional, then O P0 (G,E) is 
finite dimensional by Corollary 13.91 This implies that the holomorphic repre- 
sentation of G on this space is semisimple, so that the relation (|12l) from the 
proof of Theorem [¥21 implies that O P0 (G,E) is an irreducible G-representation. 

Example 4.9 For A = G(8\C) and G = SL 2 (A) (the identity component), 
the standard parabolic subgroup P is given by 

P= {(o a b i) ■■*tA\b£A)=AxA\ 



26 



because for each a G A x , the relation 

(a \ / 1 OUl 1\M ON A -a~i\ 
\0 a- 1 J [a- 1 -! 1J \0 l) \a - 1 1 J \0 1 J 

implies that all diagonal matrices in SL/2(A) are lying in the identity component. 
We conclude that tto(P) — ttq(A x ) = Z. As A x is abelian and Aq is divisible, 
we have 

A x ^ A X x Z and P S P Q x Z. 

In view of (Po,Po) = -A X {1}, each character of Po factors through Aq . We 
also see that each character has many extensions to a character on P. In view 
of Theorem 14.61 this implies the existence of extensions \ with 

{0} = O x (G)^O X0 (G). 

Typical examples arise as follows. If x( a ) : = a ( x ) arises from evaluation in 
some x G § , then O x (G) is non-zero, and the corresponding space of holomor- 
phic sections is isomorphic to C 2 , the representation on this space being given 

by 

G^SL 2 (C), g^g(x)- T . 

The winding number 

w: A x Z 

is a character of A x , vanishing on Aq , for which all other extensions of xo to 
A x are of the form 

Xz {a) = X {a)z w(a) 

for some z G C x . In view of Theorem l4.6l we obtain only for z = 1 a non-trivial 
space of holomorphic sections. 

5 Realizing irreducible holomorphic representa- 
tions 

In the preceding sections we developed techniques to study the holomorphic 
representations of G in the Banach spaces O p (G,E), defined by a holomorphic 
representation (p, E) of P. In this section we briefly discuss the converse, namely 
to which extent irreducible holomorphic Banach representations (V, n) of the 
connected group G have realizations in spaces O p {G,P), where U C kerp. 

Let (V,7r) be an irreducible holomorphic Banach representation of G, i.e., 
all closed G-invariant subspaces of V are trivial. Since the representation is 
holomorphic, each closed g-invariant subspace is G-invariant, so that the derived 
^-representation on V is also irreducible. We consider a connected parabolic 
subgroup P of G. 

We pick x-s as in Remark ll.5l and recall from Lemma EOl that V is the direct 
sum of finitely many ()-weight spaces. Let A 6 M denote the minimal eigenvalue 
of xs on V. Since T,~(x-e) < —1, we clearly have 

Vx(xx) C V n , (14) 
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and likewise 

V >x (xj:) := Vpixv) 2 u.V. (15) 

Ai>A 

Since Xy, is central in [, the closed subspace Va(^e) is [-invariant. For each 
closed [-invariant subspace W C Va(^e) Q V n , the PBW Theorem implies that 

U(q)W = U(u)U(l)U(n)W = U{u)W CW + u.V CW® V >x (xz). 

Therefore the irreducibility of the g-modulc V implies that V\(xs) is an irre- 
ducible [-module. Further, the density of U{q)V\(xy.) in V implies the equality 

uV = V > x(x E ). (16) 

Since u.V is p-invariant, the quotient space E := V/u.V inherits a natural 
p-module structure, where u acts trivially. We write f3:V—*E for the corre- 
sponding quotient map. Let p denote the corresponding representation of P on 
this Banach space. Then Theorem IA.6f 2) yields an embedding 

(3 G ;V^O p (G,E), (3 G (v)(g) :=p{g-\v). 

Clearly, f3 G maps V\(xs) into the space of N- invariants in O p (G, E) and satisfies 
evi o(3 G = /?, so that evi : O p {G, E) — > E is surjective. Therefore 

P g (V x (xy)) = O p (G,E) n = E. 

To see that (3 G is continuous with respect to the natural Banach structure 
on O p (G, E), we observe that for xx, ■ ■ ■ , Xk £ g, we have 

${0 G (v))(x 1 ---x k ) = ((X k ) r ---(X 1 ) r p G (v))(l) = {-l) k [3{x k ---x x .v), 

which defined a continuous fc-linear map g k — ^ E. From the continuity of 
Pg we finally derive that its image is contained in the closed G-submodule of 
O p (G, E) generated by the subspace O p (G, E) N = E of TV-invariants. (Propo- 
sition EDIfii)). 

Putting all this together, we have: 

Theorem 5.1 Let G be a connected weakly root graded Banach-Lie group and 
(n, V) be an irreducible holomorphic representation of G. If P is a connected 
parabolic subgroup of G, then we obtain an irreducible holomorphic representa- 
tion (p, E) on E := V/u.V with U C kerp. If (3: V — > E denotes the quotient 
map, then 

p G : V^O p (G,E), p G {v){g) := pig' 1 .v) 

defines a continuous morphism of holomorphic Banach G-modules whose image 
is a dense subspace in the minimal closed G-submodule of O p {G,E). 
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A Generalities on holomorphic induction 

The following theorem is the natural version of Frobenius reciprocity for holo- 
morphically induced representations. The assumptions on the G-module W 
and the P-module E are rather weak, so that they do not only apply to Banach 
representations, but also to representations in spaces of holomorphic functions. 

Theorem A.l (Frobenius Reciprocity) Let W be a G -representation with holo- 
morphic orbit maps and (p, E) a locally convex representation of P with holo- 
morphic orbit maps. Then the map 

evio: Rom G (W,O p (G,E)) ^Rom P (W,E) 

is bijective i/Homp denotes the set of continuous P-morphisms and Home the 
set of those G-morphisms that are continuous with respect to the topology of 
pointwise convergence on O p (G,E). Its inverse is given by 

Uom P (W,E)^Rom G (W,O p (G,E)), f3 ^ (3 G , f3 G (w)(g) = /Jfe" 1 .w). 

Proof. Note that 

ev 1 :O p (G,E)^E, f ~ /(l) 

is P-cqui variant: 

(p./)(l) = /(p- 1 )=p(p)./(l) 

and continuous with respect to the topology of pointwise convergence, so that 
evi o maps Uom G (W,O p (G, E)) into Hom P (VF,P). 

Let ip 6 Hom G (W 7 O p (G, E)) and assume that evi otp = 0, i.e., 

tp(w)(l) = for each w £ W. 

Since ip is G-equivariant, (p(w) vanishes on all of G, so that <p = 0. Therefore 
evi o is injective. 

To see that it is also surjective, let (3 £ Homp(W, E) and define 

(3 G : W - 0(G,E), (3 G (w)(g) := p{g~\w) 

(recall that G-orbit maps in W are holomorphic). Then 

/3 G (w)(g P ) = Pip-'g-'w) = pip)- 1 Pig^w) 

implies that (3 G {W) C O p (G,E), and it is clear that (3 G is G-equivariant with 
evi o[3 G — (3. Finally we note that (3 G is continuous with respect to the topology 
of pointwise convergence on 0(G, E) since /? is continuous. ■ 

Remark A. 2 (a) Note that the orbit maps for the G-action on the space 
O p (G,E), endowed with the compact open topology, are holomorphic because 
for each / £ O p (G,E), the map 

GxG^E, (x,y) ^ fix^y) 
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is holomorphic f |Ne01[ Prop. III. 13]). 

(b) In view of (a), each G-submodule W of O p (G,E) satisfies the assump- 
tions of Theorem IA.1[ so that all G-morphisms W — > O p (G,E), continuous 
w.r.t. the topology of pointwise convergence, correspond to continuous P-morphisms 
W -» E. 

Remark A. 3 Let (tt, V) he a representation of G with holomorphic orbit maps 
and 

OAG,V) := {/ e 0(G,V): (Vg>, x £ G) /(.t 5 ) = n(g)- l f(x)}, 
then the evaluation map 

evi : O w (G, V) — » V, / ~ /(l) 

is a G-equivariant isomorphism whose inverse is given by v h- > /„ with /«(<?) = 
^(g^ 1 )?;. Therefore we may identify O rr {G, V) with V. If we endow 0„(G, V) 
wit the topology of pointwise or compact convergence, we even obtain a topo- 
logical isomorphism V = 7r {G, V). 

Corollary A. 4 O p (G,E) is non-zero if and only there exists some holomorphic 
G -module W and a non-zero continuous P -homomorphism W — > E. 

Example A. 5 Let A be a unital Banach algebra and consider the root graded 
Banach-Lie group G := GL n (A). Then the space 

p = {{xij) £ glJA) : i > j =► aty = 0} 

of upper triangular matrices is a parabolic subalgebra and 

P := p n GL„(A) 

is a corresponding parabolic subgroup. 

The preceding corollary provides a rich supply of holomorphic representa- 
tions of (p, E) of P for which O p (G,E) is non-trivial. In the holomorphic 
G- module W = A n , the subspaces 

Fi := y^Aej) = (£y)i=i,...,n, 

are P-invariant, so that each space Ei :— A n /Fi carries a natural holomorphic 
P-representation pi for which Pi (G,Ei) ^ {0}. Identifying Ei in the natural 
fashion with A n ~\ the representation p t is given by p{gu) = (gkl)i+i<k,l<n> 
resp., 

'(o d) =d > 

if we write X £ M n (A) as a block matrix with entries in Ma(A), M, in _,(A), 
M„_i,i(^4) and M n _ iin _i(A), respectively. 
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Theorem A. 6 Let P C G be a connected complex Lie subgroup, {n, V) a G- 
representation with holomorphic orbit maps and (p, E) a P -representation with 
holomorphic orbit maps. Then the following are equivalent: 

(1) There exists a G-cyclic continuous (3 G Homp(V, E), i.e., (3(G.v) = {0} 

implies v = 0. 

(2) There is a G-equivariant injection (3q: V ^ O p {G,E) which is continuous 

with respect to the pointwise topology on G p (G,E). 

(3) V embeds into Hom p (JJ(q), E) such that evi : V — > E is continuous. 

Proof. The equivalence of (1) and (2) follows from Theorem lA.il 

(2) =>■ (3): For this implication, we only have to recall the inclusion 

*: O p (G,W) Hom p ([/( ),£), $(/)(£>) := (D P /)(1) 

from Definition 13.61 

(3) (1): The continuous linear map :— evi |y : V —> W is p-equivariant 
because 

evi(p.p) = -<p(p) = L(p)(p)<p(l) = L(p)(p)ev 1 (ip), 

hence P-equivariant because P is connected (cf. |GN09| ). Further, /? is g-cyclic 
because = (3(U(o).f) = f{U(g)) implies / = 0. Since the G-orbit maps in V 
are holomorphic, (3 is also G-cyclic. ■ 

Corollary A. 7 Suppose that P is connected and that (p,E) is a P-represen- 
tation with holomorphic orbit maps. Then the image of the Taylor series map 

$: O p (G,E)^Uom p (U( Q ),E), $(/)(£>) := (D r f)(l) 

is the largest Q-submodule V o/Homp([/(g), E) on which the Q-module structure 
integrates to a G -representation such that, for each v G V , the map 

G^E, g^(g.v)(l) 

is holomorphic. 

Proof. We recall from Definition 13.61 that $ is injective and g-equivariant. 
Let V C Homp({/(g), E) be a g-submodule on which the representation inte- 
grates to a G-representation with the required properties. For each v G V, we 
then obtain a holomorphic function f v G 0(G, E) by f v (g) '■= (g^ 1 Then 
X r fv = —fx.v holds for each x G g, and therefore 

D r fv — fD^.V! 

where er: U(q) — ► U(q), D i— > D a , is the unique antiautomorphism with x a = —x 
for x G 0. We now obtain 

r(/ v )(D) = (Dr/r,)(l) = = ■«)(!) = 
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so that T(f v ) = v. If v G V, then G.v C Hom p (Z7(g), so that we have for 
each x E p 

(X,f v )(g) = (-x.ig-Kv))^) = (g-Kv^x) = -x.^g" 1 .v)(l)) = -x.f v (g), 
and since P is connected, we obtain f v G O p (G, E) (cf. |GN09| ). ■ 

B A general continuity lemma 

Lemma B.l Let M be a Hausdorff space, V a locally convex space, and S a 
locally compact topological semigroup which acts continuously on M from the 
right. Then the induced action 

$:Sx C(M, V) c - C(M, V% (s, f)~{x» f(x.s)) 

is continuous with respect to the compact-open topology on the function space. 

Proof. f [Mue06i Lemma 2.2.6]) Consider s e S and / E C(M,V) C . The 
basic open neighborhoods of the image <p := $(s, /) are of the form 

U p ,kM = {g G 0(M, V) | p(g{x) - ip(x)) < e for all x G K}, 

where p is a continuous seminorm on V, K C M is a compact subset, and £ > 0. 
We need to find an open neighborhood of (s, /) in S X C(M, V) that is mapped 
completely into V v% K,ei}P) by To do this, we look at the following inequality 
for t G S and G C(M, V) c : 

p((t.g)(x) - <p(x)) < P {g(x.t) - f(x.t))+p(f(x.t) - f(x.s j) 

By the continuity of the action of S on M, the continuity of /, and the continuity 
of p, there is an open neighborhood W of s in the locally compact semigroup S 
with compact closure C = W such that the second term 

p(f(x.t)-f(x.s)) 

is strictly less than e/2 for all t G W and x G K . 

Next, we note that the set K.C is a compact subset of M, being the image of 
K x C under the continuous action map M x S — > M. For all g G U Pt K.c,e/2(f)t 
we then have p(g(x.t) — f(x.t)) < e/2 for all £ G C and i £ by definition. 
We conclude that - <p(x)) < e/2 + e/2 = e for all t G W and g G 

U p ,K.c,e/2(f), which shows 

x U PiK . C!E/2 (f)) C C/ P)K>£ ($(/, S )), 

that is, continuity of ■ 
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Theorem B.2 Let M be a complex Banach manifold, V be a complete locally 
convex space, G be a finite dimensional complex Lie group, and GxM->M a 
holomorphic right action. Then the action 

G x 0(M, V) - 0(M, V), (g.f)(x) = }{g-\x) 

is holomorphic with respect to the compact open topology on 0(M, V). 

Proof. ( Mue06, Lemma 2.2.6]) This is a less general version of [NeOll The- 
orem III. 14], so the proof can be found there. However, the proof uses the 
defective Lemma III.2 (iii) from the same source, which we can now replace with 
our Lemma lB.ll ■ 
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